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Abstract

If an augmented algebra K over Q is filtered by powers of its augmen-
tation ideal I, the associated graded algebra gr; K need not in general be
quadratic: although it is generated in degree 1, its relations may not be
generated by homogeneous relations of degree 2. In this paper we give a
criterion which is equivalent to gr; K being quadratic. We apply this cri-
terion to the group algebra of the pure virtual braid group (also known as
the quasi-triangular group), and show that the corresponding associated
graded algebra is quadratic.
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1 Introduction

This paper will ultimately be concerned with the pure virtual braid groups
PuB,,, for all n € N, generated by symbols R;;, 1 < i # j < n, with relations
the Reidemeister III moves (or quantum Yang-Baxter relations) and certain
commutativities:

Ri;Rin Ry, = Rjp Rk Rij (1)
R;j Ry = R R;j, (2)

with i, 7, k, [ distinct. This group is referred to as the quasi-triangular group
QTr, in [BarEnEtRa]. We will also be concerned with the related algebra
pob,,, generated by symbols r;;, 1 < i # j < n, with relations the ‘6-term’ (or
‘classical Yang-Baxter’) relations, and related commutativities:

Yijk := [Tij, Tik)+7ij, k] + [Fiks 7] = 0, (3)
cfjl = [rijsTkt] =0 (4)

with ¢, 7, k, [ distinct. This algebra is the universal enveloping algebra of the
quasi-triangular Lie algebra gtr, in [BarEnEtRa].

We will show that PuB,, is a ‘quadratic group’, in the sense that if its rational
group ring QPuB,, is filtered by powers of the augmentation ideal I, the associ-
ated graded ring gr PuB,, is a quadratic algebra: i.e., a graded algebra generated
in degree 1, with relations generated by homogeneous relations of degree 2. We



note that, in different language, this is the statement that PuB,, has a universal
finite-type invariant, which takes values in the algebra pvb,,.

In [Hutchings], a criterion was given for the quadraticity of the pure braid
group. The proof relied on the geometry of braids embedded in R3. In order to
generalize this criterion to all finitely presented groups, we developed an alge-
braic proof of the criterion. This proof turned out not to rely on the existence of
an underlying group, and applies instead to algebras over Q, filtered by powers
of an augmentation ideal /. Indeed, this criterion arguably lives naturally in an
even broader context, such as perhaps augmented algebras over an operad (or
the related ‘circuit algebras’ of [BN-WKO)]), although we do not investigate this
broader context here.

Our criterion may be summarized as follows in the case of an augmented
algebra K with augmentation ideal Ix. We denote by gr; K = @mZOI;?/I}?H
the associated graded algebra of K with respect to the filtration by powers
of the augmentation ideal. Let A be the ‘quadratic approximation’ of gr;K,
namely the graded algebra with the same generators and with ideal of relations
generated by the degree 2 relations of gry K. We will see that, in fact, we can
view the generators of K as also generating A, and interpret a certain space
RE of free generators of the relations in K as generating the relations in A. It
thus makes sense to ask whether the relations among the elements of R, when
viewed as relations in A, also hold when these are viewed as relations in K -
i.e., informally, whether the syzygies in A also hold in K. We show that gr; K
is quadratic if and only if the syzygies of A do also hold in K. Furthermore, if
A is Koszul, we show that it is sufficient to check this criterion in degrees 2 and
3.

In Section 1 of this paper we set the stage for and give a precise statement of
this criterion (see Theorem 1). In Section 2 we supply details of proofs that were
omitted in Section 1. In Section 3 we specialize to PuB,. We present a basis
for the quadratic dual algebra pv bil, and use this basis to compute the syzygies
of pvb,, and prove that PuB,, satisfies the quadraticity criterion. It follows that
PuB,, is quadratic.

Although Koszulness of the algebra pvb,, was originally established in [BarEnEtRa),
we give a different proof in Subsection 3.7, by exhibiting a quadratic Grobner
basis for pnb!n. In Subsection 3.8, we further use this quadratic Grobner basis
to prove that pob,, is a free pvb,,_; module with respect to the module structure
induced by the inclusion pvb,,_; — pvb,,, for all n > 3.

Finally, in Section 4 we point out some possible future avenues of research.

We note that the quadraticity of PuB,, was conjectured in [BarEnEtRa]. As
pointed out in section 8.5 of that paper, the quadraticity of PuB,, implies that
H*(PuB,,) = pob!, as algebras.

After this paper was substantially completed, the result was communicated
to Alexander Polishchuk, who pointed out that a theorem similar to Theorem
1 was obtained in [PosVish] in the context of the cohomology algebra of a
nilpotent augmented coalgebra, albeit by different methods. For this reason we
have referred to the criterion in Theorem 1 as the PVH Criterion (with reference
to Positselski, Vishik and Hutchings).



[NTD: Inclusion of the following remark is still tentative:
Remark 1. Rational Homotopy Theory Interpretation

Recall that a group G is referred to as 1-formal if the Malcev Lie algebra Mg
of G is isomorphic to the (completed) rational holonomy Lie algebra hol(G) of G.
One can also consider a weaker, graded version of this concept, i.e. we consider
a group to be ‘graded 1-formal’ if grMg = gr(hol(G)), with the associated
gradeds being determined with respect to the lower central series filtrations.
This corresponds to the associated graded of the universal enveloping algebra
U(Mg) of Mg (with respect to the filtration by powers of the augmentation
ideal) being a quadratic algebra. In this formulation, the PVH Criterion gives
a criterion for a group being graded 1-formal.

NTD: I will include this remark if I can establish that ¢(grU(Mg)) =
U(holg(@G)) for all (reasonable) G.]

1.1 Overview of the PVH Criterion

1.1.1 Group Theoretic Background

Since the classic setting of the PVH criterion is that of group rings, we identify
the attributes of group rings which we rely on and will want to see preserved in
our generalized context. We recall the follow basic fact:

Proposition 1 (See [MKS], s. 5.15). If G is given by the short exact sequence
1-N—-FG—-G—1

where F'G is a free group generated by symbols {g, : p € P} and N is a normal
subgroup of FG generated by the set {rq: g € Q}, then the rational group ring
of G is given by the exact sequence

0—-(N-1)—-QFG—- QG —0
where (N — 1) is the two-sided ideal in QF G generated by {(r, —1): ¢ € Q}.
We can clearly restrict the second exact sequence to the exact sequence
0= (N-1)—=Ipg —Ic—0 (5)

where Ipg and I are the augmentation ideals of QF G and QG respectively.

1.1.2 Generalized Algebraic Setting

By analogy with the above group case, we take K to be an augmented (unital)
algebra over Q with 2-sided augmentation ideal I, and F to be the free algebra
over Q with the same generating set as K, with 2-sided augmentation ideal Ip.
In particular we assume an exact sequence:

0—Ig —K--5Q—0



By analogy with the ideal (N —1) in the group context, we let M C Ip C F
be a 2-sided ideal such that:

0O—M —F —K—0
0—M —Ip—Ig—0

are exact.

We suppose F' (and K) to be generated by a set X. For convenience, we
will suppose Ir (and Ix) to be the kernel of the algebra homomorphism which
sends each x € X to 1 € Q. Using this convention, we will exhibit an explicit
grading on F' which induces the filtration by powers of If.

Specifically, we define X := Q{7 := (r—1) : z € X}. Then F has the graded
structure of tensor algebra! over X, i.e. F =TX = @,>0X? where XP consists
of all sums of p-fold products of elements of X. We obtain a filtration on F by
setting X2P := @,>,X9. Tt should be clear that X=? = I%.

We will henceforth in fact work with the completions K of K (and F of
F) with respect to the filtrations by powers of their respective augmentation
ideals. Our reason for doing this is that, by picking a suitable set of generators
for K (and F') and passing to the completions, we claim that we may arrange
that M C I% (see Subsection 2.1), and we will need this in the sequel. Since
we always work with the completions, we will simply denote them K and F,
without the hat.

1.1.3 The Associated Graded Algebra

K is filtered by powers of Ik:

e Iy s I = I = 1% = K

We denote gryK the associated graded of the above filtration. We have
griK = @p I%/Ifjl. It is clear that gr;K is generated as an algebra by its
degree one piece V := I /I%-, a vector space over Q.

1.1.4 A Candidate Presentation for I7.

In order to understand the quotients I%. /I ?'1, we will first seek a presentation
for the I%., for p > 0 (we take I%, = K). Note that, essentially by definition,
I, =18 /(M N1I%). So we wish to determine (M N I%.).

Let {y, : ¢ € Q} C I} be a minimal set of generators for M. Then define
Y :={Y,:q € Q} to be a collection of symbols in 1-1 correspondence with the
{yq}- Then we define RF to be the free 2-sided F-module generated by ). Now
if we define a map 8k : R — F which maps Y, +— y, (and extend Jf as an
F-module homomorphism to RRY") then it is clear that

IThis can be seen as follows. Essentially by definition, F' = T'X, the tensor algebra over X.
But then it is easy to see that the algebra homomorphism which maps z — z + 1 is actually
an automorphism of F' which converts from the T'X presentation to the T'X presentation.



F
- 6
R’ inherits both a graded and a filtered structure from F. Specifically, if
we define:

K

R, = X1.QY.XP~172

and
p—2

Ry = Z%p,q (7)

2

then R = @,>0MR, gives a graded structure on RE. We get a filtered structure
by defining

R>p = @ Ry

q>p
and we have the filtration of R

...<—>9{23<—>9{22:9‘{F

By construction, Ok (R>p,) C (M N IL). In fact we will prove in Section 2.2
that we have the following:

Proposition 2. If the Hutchings Criterion (to be defined in Theorem 1) is met,
then for all p > 2 we have Ox (R>p) = (M N IL), and hence Iy, = 17, /0xR>).

It is clear that dy is a filtered map, ie 9 : R>, — [% = XZP. This leads
to the following remark.

Remark 2. Spectral Sequence Interpretation

Although not required logically to prove the PVH Criterion (nor even to
understand it), it may be of interest to note that the PVH Criterion can be
explained in terms of a spectral sequence.

Specifically, we can interpret the construction of K in (6) in homological
terms. Indeed, we can view the map dx : R — F as forming a complex:

00, =RF%c,=F%0

Then K = Hy(C,). Since Ox respects the filtrations on R and F, we
can compute grHy (the associated graded of Hy with respect to the induced
filtration on Hy) using a spectral sequence. Moreover, under this interpretation,
grHy = griK, and (as we will see in the next two subsections) the terms
EY7P of the first page correspond to the grade-p components of the quadratic
approximation ¢(gr;K) to gry K. Theorem 1 can be interpreted as saying that
if the Hutchings Criterion (defined in that theorem) is met, then B ™7 = E2:~P
and q(gr1K) = ®@EY ™" = grHy = gri K as vector spaces.

We will periodically provide further details of this interpretation as they
become relevant.



1.1.5 A Graded Approximation to K

We may ‘approximate’ K by taking a graded version of the construction (6) of
K, i.e. we define an algebra

A = 7@1]20)21)
@pZOaAmP

where J4 is a graded version of Jx. More precisely, we have projections:

(8)

7r2 : X2P  XP
which are the identity on X? and send @q>p)~( 9 to 0. Similarly, we have projec-
tions:
7r11, R>p, R,
which are the identity on R, and send @4 ,R, to 0.
Then 04 is defined by:
0a(z) = wg 00k (z) for z € R,

These definitions are encapsulated in the following diagram, which is com-
mutative and has exact rows:

71'1

0*>9%ZP+1$9%2,,—‘7>9%13*>0

ia;‘:s lak laA
71'0

0 1 s % 0

where 07¢° denotes the restriction and ¢ denotes the inclusions.
Remark 3. Spectral Sequence Interpretation Continued

We explain briefly how the algebra A fits with the spectral sequence inter-
pretation from Remark 2. Essentially by definition, we have:

EpP = XP
1=
Ef b= Rp

and EY? = 0 for ¢ # —p, 1 — p. Furthermore, the page 0 differential dy for the
spectral sequence satisfies dg = da, so EV'™P = AP and EP' P = [ker 84], (the
degree p component of ker 94).

As we will see shortly, the PVH Criterion will imply that d; (and any higher
degree differentials) do not add any (non-zero) corrections to the E; page.



1.1.6 The Quadratic Approximation

In this subsection, we show that the graded algebra A is the ‘quadratic approxi-
mation’ q(gr;K) of gr; K, in the sense that A has the same generators as gr; K,
and has relations generated by the degree 2 relations of gry K.

We noted previously that gr K is generated by its degree 1 piece V = I /I%.
In fact, because we take M C 1%7 we have

Ir/M ~ Ir/M
Ip/(MnIg)  Ip/M
so that actually we may view V as V = Ip/I2.

With that in mind, it should be clear that we have an isomorphism

I /I3 = = Ir/I}

X 5V =1Ip/I%
(x—1)— (z—1)+ 1%

which extends to an isomorphism of graded algebras Il : F = TX — TV
(where T'V is the tensor algebra of V over Q) by the universal property of
tensor algebras.

Now we identify V@V = Ip/I2®Ir/I%, and define R := ker(mg : Ip/I2®

Ip/I% — I3 /I3.). Here my is the composition Ir/I% @ Ip/I% ™5 12/13, 5
I% /I3, where the first map my is the isomorphism induced from multiplication
in F, and the second map p is induced from the projection F — K.

The quadratic approximation ¢(gr;K) is formally defined as ¢(gr;K) :=
TV/(R), where (R) is the two-sided ideal in TV generated by the vector sub-
space R C V®V. Thus A and ¢q(gr; K) at least have spaces of generators which
are isomorphic via the map II. The following lemma effectively tells us that
04QY = R and hence that A and ¢(gr;K) have the same relations:

Lemma 1. We have R (M + I3) /I3 =2 0,Q).

Proof. Tt suffices to determine the kernel ker(I2/I3 % I%/I%), and then pull

the result back to V ® V via the isomorphism m}l. We have:
i _Ip/Mm /M Ip IR/
I} IJMNIE)  (Ig+M)/M I3 +M (I} +M)/I}
It follows that ker p must be the last denominator, i.e. (I3 + M)/I3, which
is what we needed. O

It is immediate from the lemma that in fact ®,>2049,, = (R), and hence
that A = q(gr;K).

We will denote by A™ the m-th graded piece of A. We note that since A has
the same generators and the same quadratic relations as gry K, there is always a
surjection A — gr; K. Quadraticity of gr; K is thus equivalent to the fact that
this surjection is an isomorphism A™ = I/ I?‘H, for all m. We will often use
this alternative definition of quadraticity.



1.1.7 The Hutchings Criterion

We now resume the thread of our development of the Hutchings Criterion. Re-
call that we have the exact, commutative diagram:

l
0%9{2P+1 99%21,"’>9%p*>0

ia;’:s laK da
0

T,

0 wH I —"s %p 0

We extend the right half of the above diagram by adding kernels at the top:

Syz
ker Ok L ker Oa

|,

mzp mp

L

y4 Tr:D ~
IF4>>XP

where 7Y% is the map induced from 7r11, on kernels; and also we have abbreviated
Ox|ms, as Ok, and Oa|gr, as da.

We are now in a position to state our criterion for quadraticity of K (with no-
tation as in the above diagram, and with the assumptions in Subsection 1.1.2)2:

Theorem 1 (PVH Criterion). K is quadratic if and only if 5% is surjective
for all m > 2, i.e. informally iff ‘the syzygies of A also hold in K.

If A is Koszul,® then we need only check that this criterion holds for degree
2 and 3 syzygies of A.

This generalizes a result first obtained in [Hutchings], where K was the group
ring of the pure braid group (see also [BNStoi]). We give the proof in Section
2.2. As was pointed out to me by Alexander Polishchuk, the result also follows
from the paper [PosVish], whenever the algebra K is finitely generated.

1.1.8 Checking the Hutchings Criterion in Degree 2

The following proposition shows how to check the criterion in degree 2.

2The statement about Koszulness, however, relies on results about Koszul algebras which
have only been developed for graded algebras whose graded components are finitely generated
over the ground ring. Hence, for purposes of this part of the theorem, we assume the algebra K
to be finitely generated, which is sufficient to ensure that A™ is a finite dimensional Q-vector
space for all m.

3In fact, A need only be 2-Koszul, i.e. its Koszul complex need only be exact up to
homological degree 2 inclusive.



Proposition 3. Let {y, : ¢ € Q} be a minimal set of generators for M as
a two-sided F-module. If the {y, + I3 : ¢ € Q} are linearly independent in
R (M +1%)/13%, then the PVH Criterion is satisfied in degree 2.

Proof. Indeed, 94 : QY — V©®2 == I%/I% is then an inclusion, so ker 94 = 0
and 7Y% is automatically surjective. O

1.2 How the PVH Criterion is Useful

Assuming the requirements of Theorem 1 are met, we can conclude that gr;yK
is quadratic if, informally, the syzygies of A also hold in K.

It is often the case that the syzygies of a quadratic algebra can be determined
quite explicitly, using quadratic duality. Essentially, if the quadratic algebra A
is Koszul, then the syzygies are generated by A'* (i.e. the degree 3 part of the
quadratic dual A' of A). Thus the problem of comparing syzygies is reduced
to the finite, computable problem of determining a basis for A'3 and checking
whether the resulting syzygies of A% also hold in K.

In the context of PuB,,, it was shown in [BarEnEtRa] that pvb,, is Koszul
(a different proof is provided in Section 3.7 of this paper), so we only need to
check the PVH Criterion in degree 2 and 3.

If we take K to be the group ring of PuB,, and [k its augmentation ideal, it
is possible to interpret the ideals I} as spaces of ‘m-singular virtual braids’ —
essentially virtual braids with (at least) m ‘semi-virtual’ double points (subject
to a certain equivalence relation) - see [GPV]. One knows certain syzygies that
are satisfied by such semi-virtual braids, particularly the syzygy known as the
Zamolodchikov tetrahedron:*

4The picture builds on xy-pic templates due to Aaron Lauda — see [Lau]. Another picture
is at [BN2].
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RijRikRi1Yjr // z UCC” Rji Ry
R”YlklRﬂRjk/ ﬂ (/ \ \Jthlelel

C,’fl leUijlek 2\ \)\ Rk RikYiji Ry
/ / >
AN
) K
Ry Rij Richk.Rjk ff RjkCg,iR“Rinkl

Q\ \g

\ AN
N

Rri1YijiRik Rjk ™ JkRﬂR,kR”C”

Ry RiRuYijk \\// ﬁ RjrRj1Yiki Rij

/ /
/]kquszRz]

RkZR]LC R’LkR’L]

(The notation will be clarified in Subsection 3.2.)

In the second part of this paper, we will ﬁnd a basis for the quadratic dual
algebra pnbn, and in particular for pbbf’ . We will then check ‘by hand’ that
the corresponding degree 3 syzygies of A are also satisfied by K. These consist

11



primarily of syzygies which correspond to the ‘Zamolodchikov’ syzygy alluded
to above (this is explained in Subsection 3.4.1). This will allow us to conclude
that griQPuB,, = pob,,.
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2 Postponed Proofs

2.1 Eliminating Linear Relations

We mentioned in Subsection 1.1.2 that we work with the completions K of K
(and F of F) because, by picking a suitable set of generators for K (and F) and
passing to the completions, we may arrange that M C IZ.

To prove this claim, we let {z,, : p € P} be a set of generators for the algebra
K, so that {Z, := (z, — 1) : p € P} is a set of generators for Ix as a left- or
right-sided ideal in K. The images of the {Z, : p € P} in the vector space
(I /I%) generate that space, so the images of some subset {Z, : p € S C P}
form a basis. Thus the {Z, : p € P—S} may be expressed as linear combinations
of the {Z, : p € S} modulo elements of I%. More generally, we may replace
any polynomial involving the {Z, : p € P — S} by a polynomial involving only
{Z, : p € S}, modulo elements in higher powers of Ix. It therefore follows that
the {z, : p € S} generate the completion, and we may drop the {z, : p € P—S}
from our list of generators.

We note in particular that in the case where K is the group algebra of some
group G, the generators of K as an algebra would normally include, not only
the group generators, but also their inverses. Moreover, the relations ideal M
would include relations derived from the group laws for the generators (recall
that F' is the free algebra on X, not the free group algebra on X). Thus if a is
a generator of the group, and b its inverse, we have the group law ab = 1 which
gives, under the substitution a + @+ 1, b = b+ 1, where @ := (a — 1) and
b:= (b— 1), the relation @ + b + ab = 0, which is not in I%. However using the
relation b = —a — ab we can replace all occurrences of b by —a, provided we are

12



working in the completion of K. So in the case of group algebras we will take as

generators only the group generators and we omit the group law relations from
M.

Coming back to the case of a general K, we can also see that M C I%.
Indeed, (Ir/1%) and (I /I%) are now vector spaces with bases having the same
number of elements, and hence are isomorphic. However it is also clear that:

_ Ip/M
CIE/(MNIE)
Ip/M
(I7 +M)/M

Ir
Tt M
_ e/IE)
- (IF+M)/IE
_ Ur/I§)
M/(M N Iz)

Ik /T%)

so we must have M/(M NI%) =0, ie. M C I%.

2.2 Proof of Proposition 2 and Theorem 1
Recall that we have the following exact, commutative diagram:

71_1

0—>%2p+1%m2p—p>%p—>o

ia;js J{aK da
0

s

0 wH I —"s %p 0

where 035° denotes the restriction.
We extend the above diagram by adding a row of kernels at the top, and a
row of cokernels at the bottom:

13



Syz
ker 93 —= ker O ~—— ker 0,4

1
Uy
P
0——— mZPH SRZ:D ERP 0
OK Ox Oa
0
0 fia m—"" s % 0
F F X
ot H 1%
AN P
O R>pi1 IxR>p A

where we have abbreviated a}(|9§2p as Ok, and da|r, as Oa.
By the Snake Lemma, the following sequence is exact:

Lemma 2.

p+1 P
IF H IF

Syz
0 — ker 9x =— ker 94 — R
K A kR Ok R>p

— AP — 0 (9)

Also, as is clear from the long exact sequence, we have:

i . i . . IP+1
Lemma 3. For every p > 2, 7Y% is surjective if and only if u : v r—
K1 >p+1
P

woo
T, 'S mjective.

p—1

P
Proof of Proposition 2. It is clear that the pu : aklz)ft> = T
=P Zp—

P p—1
for all p > 2 if and only if the compositions 8KI£> — 0K19§> - s
Zp ZpP—

are also injective for all p > 2. Since these compositions are always surjective,
injectivity is equivalent to isomorphism. This proves Proposition 2. U

are injective

Proof of Theorem 1. The first claim in Theorem 1 follows from the long exact
sequence (9) and Proposition 2, which imply that
AP = [ T
IxR>p" OxNRzpia

= 1P/t

whenever 7597 is surjective.
We deal with the restriction to degrees 2 and 3 for the Koszul case in the
next subsection. O

Remark 4. Spectral Sequence Interpretation Continued

In Remark 3 we interpreted the spaces Fy and E; in terms of the algebra
A and its relations. The next step in applying a spectral sequence would be to

14



successively determine the differentials d;, i > 1, and thence the pages F; 1,
until we reach E,. Instead, however, we can collapse all these steps into one.

The d; differential is normally determined® as the coboundary operator aris-
ing from the exact sequence (we use the notation FY := X2? and FP := Rs,
for the filtration)

0> F" /PP —= F [ —— F}JFT —0
iaA laf("d \LOA
0> Fy" Ry —= By /Ry —— Ry [T —=0

where 947 denotes the induced map.
We extend the above diagram by adding a row of kernels at the top, and a
row of cokernels at the bottom:

[ker Oalpt1 — ker 014 —L > [ker dal,

p+1 / p+2 D / ;P+2 p ) pp+1
0—=F{"/F = I/ Fi > I/ F} >0
6,4 af("d aA

0= Fyt JFY? — FY Y —— FJ/FY™ —0

174
coker 04 — coker 8{{“1 — AP

Then, as before, the following sequence is exact by the Snake Lemma:

ker 9124 Ly [ker d4l, & coker 94 % coker ofnd

and this d; is the differential for the page E;. It is clear from the exact sequence
that p is injective iff v is injective iff d; = 0. Unfortunately, though, this is not
enough to prove the PVH Criterion, since in particular ker 9i'? are not the

syzygies of K, and coker 9i? is not aKlﬁ)%M (i.e. effectively because we have

not considered all higher degree differentials of the spectral sequence).
However, we can bring all of the higher degree differentials in simultaneously

by considering instead the coboundary operator arising from the exact sequence:

0 I3 an F? FPJFPTT —0
la;js J{ak laA
0 FPtt Y FYJFPT —0

5See e.g. [Lang], Proposition XX 9.2, page 817.
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and the result is just the diagram considered in our proof of Theorem 1. More-
over, the fact that 757 is a surjection is equivalent to the coboundary operator
from the above sequence being 0, i.e. there are no corrections to the F; page in
computing F.

2.3 Some Reminders About Quadratic Duality
2.3.1 Basics

In this subsection we briefly review the theory of quadratic algebras to the
extent needed to prove the final claim in Theorem 1, and to cover material that
will be needed later (but skipping proofs). The reader who is not familiar with
this theory can find a quick overview in [Fréberg2] or [Hille], or more extensive
treatment in [Pol] and [Kraehmer]; the original source is [Priddy].°

We start with the quadratic algebra A which is given by A = TV/(R) (in
the notation of Subsection 1.1.6). The quadratic dual algebra A' is defined as
A" = TV*/(R*), where V* is the linear dual vector space and R+ C V* @ V*
is the annihilator of R.

One indication of the usefulness of the concept of quadratic duality is that the
degree 2 part of the dual algebra catalogues the relations of the original algebra
(this is true for all quadratic algebras). More generally, the Koszul complex
provides a readily computable ‘candidate’ resolution for A, which is an actual
resolution precisely when A is Koszul. In particular the degree 3 part of the dual
provides at least a candidate catalogue of the relations among the relations of
the original algebra (i.e. syzygies) - and more generally, the degree m part of the
dual provides a candidate catalogue of the relations among relations among ...
((m —1) times) of the original algebra (which we will call the level m syzygies).
Moreover, there are specific maps from the degree m part of the dual into the
space of level m syzygies. The statement that a quadratic algebra is Koszul is
equivalent to the statement that the dual algebra not only provides a candidate
catalogue of the syzygies of all levels, but an actual, complete catalogue of
those syzygies. For purposes of this paper, it is only the level 3 syzygies that
are important.

More specifically, if we define A!1,1 : A 5 V ®V as the dual to multipli-
cation V* @ V* — A2 then in fact All’l is an isomorphism:

~

Ay A5 R (10)

Thus A'? catalogues the degree 2 relations of A and the map A!1,1 sends a basis
of A'2 to a basis of R (see (19) and (20) below, in the case of pobl,).

6 As noted in footnote 2, we rely on results about Koszul algebras which have only been
developed for graded algebras whose graded components are finitely generated over the ground
ring. Hence, wherever we rely on Koszulness of A, we assume the algebra K to be finitely
generated. This is sufficient to ensure that A™ is finitely generated over Q.
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In the same vein, A3 catalogues all relations between relations of A, in degree
three” - in other words, A = (R® VNV @ R) (see [Pol], proof of Theorem
4.4.1). More specifically, if A!271 is dual to the multiplication: A2 ® V* — A'3,
then the map

(Al1®1)oAL : A®* < RV C X} (11)

is actually an isomorphism A** = (R®V N V®R) which maps a basis for A'3
to a basis for the degree 3 syzygies (viewed as a subspace of X3).
Similarly, if A} , is dual to the multiplication: V* @ A2 — A", the map:

(1@ A} ) oA}, A® — ReV C X3 (12)

is an isomorphism A'3* 5 (R®V NV ®R), and maps a basis for A'3 to a basis
for the degree 3 syzygies (viewed as a subspace of X3).

A priori, A* need not generate the (level 3) syzygies of A in degrees higher
than 3. However, if A is Koszul then indeed A’ does generate the (level 3)
syzygies of A in all degrees, as we will explain further in the next subsection.

2.3.2 The Role of Koszulness

We will make use of the following theorem, which follows from [Pol], Theorem
2.4.1 (p.29) and Proposition 1.7.2 (p.16), to which the reader is referred for
proofs.

Theorem 2. Koszulness® of the algebra A implies exactness of the sequence:

0 yz K m
B (R N Ry j) =5 @ Rnii >V (13)

1<j

In (13), the direct sums are external, and the maps are induced from the

following diagram:
Vf \
R,

7If we assume that 94 : QY — R is injective (i.e. the PVH Criterion is satisfied in degree
2) then level 3 syzygies must have at least degree 3 in the generators of A. Given a level 3,
degree 3 syzygy, we can also get level 3 syzygies of higher degree by pre- or post-multiplying
all terms in the syzygy by monomials in the generators, although level 3 syzygies of higher
degree need not all arise in this way (except when the algebra is Koszul).

8 As per footnote 3, A need only be 2-Koszul, i.e. its Koszul complex need only be exact
up to homological degree 2 inclusive.
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where the left diagonals are multiplication by the indicated factors, and the
right diagonals are the inclusions.

Note that we can decompose @Kj (Rm,i N R,y ;) as follows:
@(Rm,i ﬂ R, ;) = @(Rm,i NRpyit1) ® @ (Rm,i N R j)
i<j i i+1<j

The syzygies ®i+1<j (Rm.,i N Ry, ;) are ‘trivial’ in the sense that they arise
from the obvious fact that non-overlapping relations commute. This fact re-
mains true at the global level, so that these ‘trivial’ syzygies also trivially satisfy
the PVH Criterion.

The more interesting syzygies are the (R, ; N Ry it1). From the review
given in the previous subsection, we have (R, ; MRy i41) 2 VO @ (X7NX35)®
yem—i=2 & @i g A3 @ @m=i=2  This makes clear that the PVH Criterion
need only be checked in degree 3 in the Koszul case.

3 The Quadraticity of PuB,

3.1 Overview

We now turn to PuB,,. Our goal being to establish that PuB,, is quadratic using
the PVH Criterion, we will follow the following steps:

e Check that the preliminary requirements (as per Subsection 1.1.2) for
applying the PVH Criterion are met.

e Find the infinitesimal syzygies. We will use the fact that pvb,, is Koszul,
and that accordingly the infinitesimal syzygies are essentially given by
pub’3. (The Koszulness of pob!, was first established in [BarEnEtRa], and
we give an alternative proof in subsection 3.7). After finding a basis for
po b!n, and in particular for pt)bil3 , we will see that finding the infinitesimal
syzygies becomes a fairly straightforward calculation.

e Find the global syzygies corresponding to the Zamolodchikov tetrahedron,
and compute the induced infinitesimal syzygies.

e Check that global syzygies induce all of the infinitesimal syzygies, con-
firming that the PVH Criterion is met.

3.2 Terminology and Preliminary Requirements for PVH
Criterion

We denote by QPuB,, and QF the rational group ring of PuB,, and the rational
free group ring on the same generators, respectively. Their respective augmen-
tation ideals are denoted Ix and [p.

Consistent with the discussion in Subsection 2.1, we take QPuB,, to be com-
pleted with respect to the filtration by powers of the augmentation ideal, so
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that we can eliminate the inverses of group generators, and the linear relations
corresponding to the group laws, from our presentation for QPuB,, as an algebra.

Given the presentation for PuB,, in Section 1, the augmentation ideal Ix is
generated as a 2-sided QPuB,,-module by the set X := {R;; := (Rj; —1): 1 <
i # j < n}. It is straightforward to check that the elements of X (modulo I%)
are linearly independent (i.e. QX N I% = 0), and hence in fact form a basis of
V = Ik /I%. The R;; mod I% correspond to the generators {r;;} for pob, from
the presentation (3).

From the relations (1) and (2) for PuB,, the ideal M C Ir of relations for
K is the 2-sided ideal M in F' generated by

Uik = RijRaRjp Ry R R — 1
CH'" .= Ry RuR;;' Ry — 1
ij T Alg Akl A

for 1 <i,5,k,l <mn, and 4,7k, all distinct. Equivalently, M is generated (as
2-sided F-ideal) by

Yijw = Rij R Ry — R Ry Ry (14)
Cikjl = Rij Ry — Ry Ry (15)

As per Lemma 1, the relations in pvb,, are generated by R = (M + I3)/I3.
Thus to obtain R, we make the substitution R;; — (R;; + 1) throughout the
Yi;r and ijl, and drop all terms of degree 3 (or higher) in the EU. We obtain
the quadratic relators {y;;x; cfjl} for pob,, (see (3) and (4)), up to replacing the
{Ri;} by the {r;;}.

Since PuB,, is a finitely presented group, the requirements for applicability of
the PVH Criterion, as we have developed it, essentially reduce to (see Subsection
1.1.2) checking that the ideal of relations M C I actually satisfies M C I%.
In turn this amounts to checking that the relators obtained above for R (i.e.
(3)) are all quadratic in the r;;, which is clearly true. We note that this is
essentially due to the fact that the relators for PuB,, all have degree 0 in each of
the generators of PuB,,, so that after performing the substitution R;; — (R;;+1)
and expanding in terms of the Rij, all constant terms and terms linear in the
R;; cancel out.

We can also easily check that PuB,, satisfies the degree 2 PVH Criterion, i.e.
that the generators (14) and (15) for M satisfy the requirement that {Y;;, +
I}, CE + I3} are linearly independent in (M + I3)/I3. Equivalently we have
to check that the {y;;x; cfjl} are linearly independent. There are several ways to
do this - one slightly fancy way to do it is to use the isomorphism

Al pob2” 3 R

which we recalled in (10), and note that A!1,1 takes a basis of pub'? precisely to
the relators {y;x; 1} of pob,, (we compute this in (19) and (20) below).

19



3.3 Finding the Infinitesimal Syzygies

As a preliminary matter we recall the definition of pv b!n and exhibit its relations.
As noted in Subsection 1.1.6, pvb,, is defined as pob,, = TV/(R) (where V =
I /I% and R were obtained in Subsection 3.2). The quadratic dual algebra
pob! is defined as pob!, ;= TV*/(R'), where V* is the linear dual vector space
and R+ C V* ® V* is the annihilator of R.

From these definitions, one readily finds that pnbil is the exterior algebra
generated by the set {r}; : 1 <i# j < n}, subject to the relations:

rfj AThH = rfj A r;-‘k — 7 A r,’;j (16)
i A r;k = rfj A r;k - 7";1' AT, (17)
i AT =0 (18)

where the indices 7, j, k are all distinct.

3.3.1 A Basis for pnb!n

In this section we will identify a basis for the dual algebra pnb!n. We state the
result for all degrees, although we only actually need po b!,f’ .

We note that monomials in pnb; may be interpreted as directed graphs,
with vertices given by the integers [n] := {1,...,n}, and edges consisting of all
ordered pairs (i, j) such that 7;; is in the monomial. We thus get a graphical
depiction of the above relations:

ik J~—k

AWLE N

/) 1

(Pruning V)

k. k k .
2/4 \j = i4\>j — i<Lj (Pruning A)
i ] = 0 (No Loop)

We note that there is a sign indeterminacy in the graphs, in that for instance
the LHS of (Pruning V) can equally refer to £r;; A ;. We will only use the
graphs when the signs are immaterial.

Theorem 3. The algebra pnb!n has a basis consisting exactly of the monomials
corresponding to ‘chain gangs’, i.e. unordered partitions of [n] into ordered
subsets.

Corollary 1. The degree k component ofpt)b!n has dimension L(n,n—k), where
the ‘Lah number’ L(n,n — k) denotes the number of unordered partitions of [n]
into (n — k) ordered subsets.
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Proof. Clear from the theorem, since it is easy to see that a chain gang on the
index set [n] with (n — k) chains must have exactly k arrows (and correspond
to a basis monomial of degree k). O

We note that it was already proved in [BarEnEtRa] that the dimensions of
the graded components of po b!n are given by the Lah numbers (although a basis
for pob!, was not provided).

We postpone the proof until Subsection 3.5. However, the idea of the proof is
straightforward, i.e. show that a basis is given by all monomials whose graphical
representation has no A-joins or V-joins (by which we mean the diagrams in the
LHS of the relations (Pruning A) and (Pruning V), respectvely) and no loops:

e One first shows that if a tree has an A-join or a V-join, we can replace it
by a sum of trees in which the particular join is replaced by an oriented
segment of length 2, using either (Pruning A) or (Pruning V). Eventually
we are left with a sum of oriented chains.

e One must then show that these oriented chains are linearly independent.

e Next one shows that all monomials whose graph contains a loop (oriented
or not) are 0: it turns out that loops of length greater than 2 can be
reduced progressively to loops of length 2, and then the resulting graph is
0 either by (No Loops) or by anti-commutativity.

Remark 5. We will see that directed chains of length 8 are in a 1-1 correspon-
dence with certain (level 3) syzygies of the global algebra 2 - specifically one
Zamolodchikov tetrahedron for each ordering of a particular choice of 4 of the n
strands in PuB,,. An arrow from index %’ to index ‘§’ means strand ‘i’ remains
above strand ‘j’ throughout the syzygy. Although not relevant for our purposes,
this correspondence between oriented chains of length m and level m syzygies
holds for syzygies of all levels. These higher level global syzygies correspond to
generalizations of the Zamolodchikov tetrahedron, and most likely correspond in
some sense to generators of the cohomology of PuB,,.

Remark 6. If in the basis given above one includes only generators r;; with
1 < j, we obtain a basis for the algebra pfbln. This basis is different from the
basis given in [BarEnEtRaj. The basis given here is more useful for purposes of
applying the PVH criterion, because of the fact that directed chains of length 3
correspond to syzygies arising from the Zamolodchikov tetrahedron.

Remark 7. If, as in the previous remark, we again consider the implied basis for
pfbl,, we see that the (No Loop) relation and the exclusion of monomials whose
graph contains a loop are irrelevant. We are left with a rule that says that a basis
of pfbil is given by all monomials whose graph does not contain an A-join or a
V-join. The exclusion of A-joins and V-joins amounts to specifying a quadratic
Grobner basis for the ideal of relations in pfb!n. By a theorem of [Yuz], this
gives a proof that the algebra pfb!n (and its dual pfb,,) is Koszul. Unfortunately
the given basis for pt)bI as opposed to pfbil, does not prove Koszulness, since

n’
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the no-loop exclusion corresponds to Gréobner basis elements of arbitrarily high
degree (i.e. of degree equal to the length of the loop). In subsection 3.7 we give
an alternative basis for po b!n, from which the Koszulness of pv b!n can be deduced.

3.3.2 The Infinitesimal Syzygies

One can readily compute that the isomorphism All,l acts on basis elements of

pnbf* as follows:?

ALy rig Are e [rigri] + [Pigs k] + [Fiks i) (19)
Tij A Tgi > [T, Thi] (20)

Indeed one can in fact view (Pruning A) and (Pruning V) as giving the only
elements of V* that do not multiply freely in pv bf, and then (since A’Ll is dual

to the product in pt)b!n2 ) the above result is immediate.

As noted following (11) and (12), the maps (I9A} ;)oA} , and (A} ;®1)oA} |
are isomorphisms and give the inclusion of pob’ into X? and X3 respectively.
It follows that the image of the map « o dg,. of X7 N X3 into V®3 (see (13)) is
given by

Ko Osy: (X7 N X3) = [(A; 1®@1)o A!2 1~ (1@ A!1 1) oA 2] (Pt’blg) (21)

It is easy to see that there are three types of basis element in pnb , corre-
sponding to three types of chain gang with three edges:

o ;i Arji A1 with 4, 5, k, 1 all distinct;
o ;i Arjr AN1g With 7, 5, k, s,t all distinct;
® 7 A\ Tkl A Tst with i,j, k', l, S,t all distinct.

We first deal with the first type of basis element. We will show that in this
case the first term of (21) is given by:!°

A!z,l(rij ATjk NTy) = _<AI1,1 ® 1)(rij Arjr) @ (—ra —rj1 — ki)

+ (All,l ® 1)(rij Arji) @ (=rik — Tji + )

— (AL @ 1) (rik Arrt) ® (—rij + 7k +751)

+ (AL @ (e Ara) ® (rij + rak + i)

— (AL @ 1) (rig Aria) @ (i + 7i + 75+ 751)
+ (A1 @ D(riw A7) @ (i + i = T+ 712)
+ <A!1,1 Q1) (ra Arje) ® (—rij — rik + 71 + Tt)

9Instead of writing r** for elements of pnb'2 , we write ;.

10 Again, we write Tij 1nstead of 'r** for elements of pnb'g*
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We defer a more detailed justification of the above calculation to Subsection
3.6. Now using (19) and (20), we get:

(A!l,l ®1)o A!g,l(rij AT ANTRi) = —Yijke @ (=T — 751 — Tkt) + Yiji @ (—Tik — Tk + Tri)
— Yirt Q@ (=145 + Tk +751) + Yk @ (1ij + ik +7i1)
— e @ (i + T+ i+ i)+l @ (rig + i — T+ TR)
- ngk @ (rij + ik — 150 — Trt) (22)

In (22) the tensor products are the tensor products in the tensor algebra
TV, so we drop them. Furthermore, (1 ®A!171) oA’LQ(mj ATji ATy) is the same,
but with the tensor components flipped. Putting the two together gives:

(A!1,1 ®1)o A!2,1(7"ij ATie NTkt) = =[Yijis (=7a — 150 — rr0)] + Wigts (=Tik — Tk + Tra)]
— [Wikts (=135 + 10 +150)] + Wik, (1ij + rie 4+ 731)]

— ], (ri + ra + vy + 0] + [l (rig + i — 1y + )]
—[elf (rij + rin — i1 — )] (23)

We will see that these syzygies are induced (via the map 79Y%) from global
syzygies in the next subsection.

This leaves the two remaining types of degree 3 basis element in pbbf It
is fairly straightforward to compute that they correspond, respectively, to the
relations:

YijkTst = TstYijk
and
cf;rst = rstcf}
which are clearly satisfied also at the global level.

3.4 Global Syzygies and the PVH Criterion
3.4.1 The Global Syzygies

We now display (a sum of) elements of /3 which specify a syzygy of K = QPuB,,
and which project via 75 (see notation in Theorem 1) to the syzygy (23)
in pob,,. The syzygy corresponds to the standard syzygy in the braid group
(i.e. the Zamolodchikov tetrahedron pictured in Subsection 1.2), which can be
written:

YiuRuRiRij + Rjp R Y Rij + RijleikRilCikjl
+ RjxCI Ry RijRiy + Rjx RirYijiRut + YijiRi Rt it + Rz‘jRikalkRjszl
— Rij R RyYjm — RijYiRj Rjx — ijlRizRikleRjk
- RklRining/iRjk — RuYijRirRji, — RuRjRyYijr — RklelCijlkRikRij
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where again
Yijr = Ry Rip Rjp — RjpRin Ry (24)
C}} = RijRy — Ry Ry

This calculation was illustrated in Subsection 1.2.

The calculation may be explained as follows. The illustration shows 14
braids {B;}i=1,...,14 around its perimeter. These are linked by arrows labeled by
various multiples of the moves Yj;;, or Cikjl. If we attach the labels By, Bo, ...
starting at the bottom braid and proceeding clockwise around the perimeter,
the arrows correspond to differences (B — By), ..., (Bs — Br) up the left side of
the diagram, and to differences (B14 — B1), .. ., (Bs — Bg) around the right side.
If we label the differences in accordance with (24), we get the labeling in the
picture. But clearly the telescopic sums on the left and right both give Bg — B1,
so we get a syzygy which we wrote down above.

This syzygy induces an infinitesimal syzygy which we obtain by substituting
R;j — (Ri; + 1) and dropping all but the lowest degree terms in the R;; (this
corresponds to applying the map 75Y). After reorganizing, we get:

[Yjki, Rij + Rix + Rit] — [Yier, —Rij + Rjr + Rji] + [Yiji, —Rik — Rjr + R
— [Yijk, —Ri — Rji — Ru]
— [C’fjl,ﬁik + Eil + Rjk + Ejl] + [C%,Eij + Rig — Rjk + Ekl]

- [Ci]lkaﬁij + R, — Ejl — Ry
where the C’fjl and Yj;, are the same as the cf]l and y;j, in (3), except the
r;; are replaced by the Eij. By inspection, and after substituting ﬁij T
and {ijl — Cf}7 Yijk > yiji}, we see that this coincides with the infinitesimal
syzygy (23). Hence we have confirmed that all of the infinitesimal syzygies are
covered by global syzygies.

3.5 Proof of the Basis for pob’,

We will follow the outline of the proof provided in Subsection 3.3.1.

We will say that a pair of vertices in a forest graph is unordered if there is
not an oriented sequence of edges from one of them to the other. We define the
defect of a tree as the number of unordered pairs of vertices in the graph, and
the defect of a forest as the sum of the defects of its components.

Then chain gangs (unordered partitions of [n] into ordered subsets) are ex-
actly the forests with 0 defect. Moreover, in the pruning moves the A- and
V-joins have defect 1, while the remaining terms have defect 0.

We will refer to a relation formed by adding to each of the terms in either
(Pruning A) or (Pruning V) exactly the same additional edges, without ever
forming a loop, as a multiple of the original relation. Note that the graphs
representing the multiple need not be connected. The defect function has the
following ‘multiplicativity’ property on forests:
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Lemma 4. In each multiple of either (Pruning A) or (Pruning V), the term
which is built from the term in the original relation containing a join has defect
strictly larger than the other terms.

The proof is deferred to the end of this subsection.

Proof of Theorem 3. We follow the plan of proof given following the statement
of Theorem 3.

The multiplicativity property of the defect makes clear that all forests can
be expressed in terms of (sums of) chain gangs: If a forest contains an A- or
V-join, then using either (Pruning A) or (Pruning V) we can replace it with a
sum of forests with strictly lower defect. Iterating, we get a forest with 0 defect,
i.e. a chain gang.

Now we show that chain gangs are linearly independent modulo the relations
in po b;. The proof is a variation on the standard diamond lemma proof, which
we briefly recall. By a reduction, we mean specifically replacing the LHS of
either pruning relation, or a multiple thereof, by the RHS.

We will show that reducing a defect to 0 will produce the same chain gangs
regardless of the sequence of reductions chosen, by induction on the size of the
defect. This is clearly true when we start with a forest with defect 1, since there
is only one way to reduce such a forest.

Suppose the claim is true for all forests of defect < m. Let us consider a
forest of defect m + 1, and suppose there are two possible reductions, called (a)
and (b). Then applying either (a) or (b) gives a (sum of) new forests, which we
call A and B respectively, each of defect < m.

Suppose (a) and (b) (or the pruning relations of which they are multiples)
involve changes to pairs of edges that do not overlap. Then it is still possible
to apply reduction (a) to B, and reduction (b) to A. Doing so, we obtain the
same forest C of defect < m — 1, since the result of applying non-overlapping
reductions clearly does not depend on the order they are applied.

Alternatively, suppose (a) and (b) (or the pruning relations of which they
are multiples) involve changes to pairs of edges that do overlap. We will see
that we can find further reductions (a’), (a”) and (b’), (b”) such that applying
the sequence (a)-(a’)-(a”) or (b)-(b’)-(b”) leads to the same (sum of) forests C,
of defect < m — 2.11

Either way, we know by induction that all reduction sequences from A give
the same results, and similarly for B, and since they have a common reduction
sequence going through C, we see that A and B both give the same (sum of)
forests of defect 0. Hence all reductions of the original forest must give the same
(sum of) chain gangs.

We now deal with the case where reductions (a) and (b) involve pairs of
edges that overlap, and exhibit the reductions (a’), (a”) and (b’), (b”). By
inspection of the A- and V-joins, the following three types of overlap can arise
(up to sign):

1n fact the reductions (a’) and (b’) may really involve two reductions, applicable to dif-
ferent terms.
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N N

(X) Y) (2)
In each case we have only shown the edges involved in the reductions.

Case (Z) is dealt with as follows (a star over a wedge A indicates the join
which is being reduced - hence to make the following more legible we have
dropped the * from elements 77; € pnb;):

* * *
Tij NTkj ATkl = Tike ATkj ATkl + T35 NThi N Tgi
%

=Tik NTkj AT — Tie NTRIATE — Tig AT ATk + Tt AT A 145

=Tk NTrj AT = Tik ANTRINANTE — Tk NTig AT+ Tk AT ATy — Ty AT A T4
while on the other hand

* * *
Tij NTki ATkt = Tik NTkj ATkt + Tki N Ty AT
*
=Tk /\T‘kj /\le — ik N\ Tl /\rlj + rEi AT /\Tij — T N T /\Tij

=Tk ANTj ANTj —Tig AT AT F T ATy AT — Ty NTij ATj0— TRt AT AT

Since the results of the two calculations are the same, we see that regardless
of which join we reduce first, there is a further sequence of reductions that leads
to the same (signed sum of) trees, which is what we needed.!?

Cases (X) and (Y) are dealt with similarly - we simply note that

*
Tij NTike AT = =T AT AT + 735 ANTjk ATkt + Tt AT A7k
*
ik AT AT — Tig NTrj A5 — T AT AT = Tij ATk ATy

and

*
Ta NTjNTRL = T35 NTjk ATl — Tig NTrj ANTj1+ Tei AT45 ATj
=T ATk ANTgi + T NTri N7 — Tk AT5 ATy =T NTj1 ATk
and leave the details of the calculations for the reader.
The next step in the proof is to show that all graphs with loops are 0. Let us

start by considering oriented loops. Using (Pruning V), we can reduce oriented
loops of length greater than 2 to (sums of) oriented loops of shorter length:

12 As per the previous footnote, note that reductions (a’) and (b’), indicated by the stars in
the RHS of the first lines, actually involve two reductions, applicable to separate terms.
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Once again we note that there is a sign indeterminacy in the above graphical
representation, which does not affect the outcome as we do not rely on any
cancelation of terms and the specific coefficients do not matter.
Once we are down to oriented loops of length 2, these are 0 by (No Loops).
Now we consider unoriented loops. For loops containing a V-join, we can
use (Pruning V) to reduce loops of length greater than 2 to (sums of) loops of

shorter length:

The case of unoriented loops containing an A-join, rather than a V-join, is
similar. Although the result of any such reduction may or may not be unori-
ented, we can still continue reducing the length of the loops using either the
oriented or unoriented procedure. Once we are down to loops of length 2, these
are 0 either by (No Loops) or by anti-commutativity.

Thus, if we follow the above procedure, we can reduce all loops to 0. It is
also clear from the above that even if we followed a different sequence of pruning
moves we would never reduce loops to a sum of diagrams including trees, since
a pruning move can never break a loop. O

We have completed the proof of Theorem 3, subject to proving multiplica-
tivity of the defect function, i.e. Lemma 4. We do this now.

By a ‘vertex in a relation’ we will mean a vertex which is an endpoint of at
least one edge in the graphs corresponding to the terms of the relation. It is
fairly clear this is a well-defined notion (and in particular that the number of
vertices in a relation is constant over all terms in a relation).

By the ‘join term’ in a multiple of a pruning relation, we mean the term
that was built by adding edges to the term in the original pruning relation
which contained an A- or V-join.

Proof of Lemma 4. We proceed by induction on the number of vertices in a
relation. We claim that if (x) and (y) are vertices in the new relation, and there
is a directed chain of edges from (x) to (y) in the join term, then there is also
a directed chain of edges from (x) to (y) (in the same direction) in the other
terms of the relation. Hence:

1. When we form a multiple of (Pruning A) or (Pruning V) by adding edges,
in that multiple each vertex is no more ordered (with respect to other
vertices) in the join-term than in the non-join terms.

2. However, in each relation, there is at least one pair of vertices which is
unordered in the join-term, but is ordered in the other terms, namely the
unordered paid in the original pruning relation.

So we can conclude that the join-term in the new relation must have strictly
highest defect.
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The above claim is easily verified in the original relations (Pruning A) and
(Pruning V). We now assume the claim has been proved whenever there are up
to m edges in a relation; we take a relation with m edges and add a further
edge. There are three cases.

Case I: Two New Vertices. If the added edge forms a separate component in
the new graphs, then clearly the defect will have increased by the same amount
in all terms of the relation.

Case II: One Old, One New Vertex. So let us suppose that the added edge
has one vertex (a) already in the relation, and one new vertex (b). It is clear
that the orderliness of pairs of vertices not including (b) is unchanged.

Now suppose that (c) is any other vertex in the relation. If (b) and (c) are
ordered in the new join term, say with a directed chain from (b) to (c), this
chain must go through (a) since vertex (b) was not previously the endpoint of
any edge. Thus there was also a directed chain from (a) to (c¢) in the join-term
of the old relation, hence by induction there were directed chains from (a) to (c)
in the non-join terms in the old relation. It follows that there is also a directed
chain from (b) to (c¢) in the new non-join terms. The case of a directed chain
from (c) to (b) in the new join-term is similar.

If (b) and (c) are unordered in the new join term, there is nothing to prove.
Letting (c) range over all other vertices in the relation proves Case II.

Case III: Two Old Vertices. All that is left is to consider the case where the
new edge links two existing vertices in the relation. Because we assume that
the added edge does not create a loop, it follows that the edge must be linking
two formerly disconnected components of the graphs underlying the relation.
We assume the new edge links existing vertices (a) and (b). It is clear that
the orderliness of pairs of vertices already within the same component in the
old relation is unchanged. So we take (c¢) and (d) to be to be any two vertices
in the component of (a) and (b) respectively. We can assume without loss of
generality that either (a) # (c) or (b) # (d) (because if (a) = (¢) and (b) = (d)
then that pair is joined by the new edge and hence ordered in all terms of the
relation).

The reasoning is similar to Case II. If (¢) and (d) are ordered in the new
join term, say with a directed chain from (c) to (d), this chain must go through
(a) and (b) since we assume there are no loops. Thus the new edge must be
oriented (a) to (b); moreover, there must also have been directed chains from
(c) to (a) and from (b) to (d) in the join-term of the old relation. By induction,
there were directed chains from (c) to (a) and from (b) to (d) in the non-join
terms in the old relation. It follows that there is also a directed chain from (c)
to (d) in the new non-join terms. The case of a directed chain from (d) to (c)
in the new join-term is similar.

Finally, if (¢) and (d) are unordered in the new join term, there is nothing
to prove. Letting (c¢) and (d) range over all other vertices in the relation proves
Case III. O
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3.6 Justification of the Co-Product Formulas

We give here a summary of the action of the product m' : po blnz QV* — pnb!,f’ in
terms of the ‘directed chains’ basis for the respective spaces. The verifications
are routine and we will leave them to the reader.

T AT QT T AT AT = T AT AT T AT AT
i NTI @1 = =Tl AT AT T AT AT

r:-‘j A r;-‘k QT rfj A r;k AT

T AT @ Tl T AT AT

r;‘j A r;-‘k ® Tl*j = —Th A rl*j A r;k + 7 A rfj A r;k

* * * * * * * * * « % "
Tig AT @1 = Ty AT N — Ty AT AT 17 N1y N5
and

r;‘j ATh Q@1 —r;‘j A r;k ATp + 10 A r,tj A r;l — T AT A rl*j
rfj ATy QT = Th ATy A r;"j — T AT A r;‘j +rp A rfj A r;'fl
rfj ATr Q1) —ri*j A T}‘k ATy + 1T A r,’;j A T}‘l — T AT A rl*j
= TR AT AT T AT AT
T AT QT = T AT AT
rfj ATh & r;k — —ri*j A r;‘k ATy
7"2‘]- ATE & rzj = AT A r;"j — T AT A rfj +7rp A rfj A 7";-‘[
F T AT AT =T AR AT
r;‘j ATi ® r;fl — —r;‘j A r;k ATp + 1 A r,tj A 7";-‘1 — 75 A r;kj A r;fl

* * * * * * * * * * * *
Tij A\ Tkl (24 le — Tkl A\ Tl'i A T’ij - Tki A\ Til A le + Tik A\ Tkl A\ Tl]

Again the verification of the formulae for the dual map A!2,1 is tedious but
routine and is left to the (beleaguered) reader.

3.7 Proof of the Koszulness of pvb!,

As indicated in Remark 7, the basis given in Theorem 3 will not in itself lead
to a proof of Koszulness because the explicit exclusion of monomials whose
graphical representation contains a loop corresponds to Grobner basis elements
of arbitrarily high degree. In contrast, standard theorems on Grobner bases
only tell us that (under mild assumptions) algebras with quadratic Grobner
bases are Koszul.

So we will exhibit a different basis for po b;, consisting of all monomials not
containing certain length two subwords, which corresponds to the specification
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of a quadratic Grobner basis for pnb!n. We will see that, by a result of Yuzvinsky
[Yuz] (see also [ShelYuz]), pub! (and hence also pub,,) is Koszul.

To begin with, given any finite subset I C N (which we order numerically),
we will define two kinds of graph with vertices indexed by I - we will call these
Down graphs and Up graphs. We will then show how to combine Down and Up
graphs to get graphs (which we will call Up-Down graphs) which correspond to
a new basis for pnb!n, of the desired form (i.e. corresponding to the specification
of a quadratic Grébner basis for pob,).

We will also see that the Down and Up graphs, respectively, catalogue bases
for:

e the algebra pfbln, which is quadratic dual to the quadratic approximation
for the flat virtual braid group PfB,, ( i.e. the quadratic dual to the univer-
sal enveloping algebra of the triangular Lie algebra tv, in [BarEnEtRa));
and

e the algebra pb;, quadratic dual to the quadratic approximation for the
pure braid group PB,,.

However, we do not have a coherent explanation for why bases for pfb!n and pbil
should fit together in this way to produce bases of pnbil. See Remark 11 below.

3.7.1 Down Graphs and pfb;

A Down tree on the index set I = {i1,...,im} C N (with smallest index 41)
consists of a ‘tuft’ of directed edges {(i2,%1),..., (4m,41)}. (The graph is non-
planar in that all orderings of the edges incident to a particular vertex are
considered equivalent.) This corresponds to allowing all trees built with directed
edges with decreasing indices (i.e. edges (i,7) with ¢ > j) by

e allowing the following subgraphs:

/

e excluding the following three subgraphs:

A

where in all cases the relative heights of the endpoints indicate the relative
ordering of the indices (in particular, the middle subgraph has a doubled edge:
{(4,7),(i,7)}). We declare by way of convention that a Down tree on on index
set with one element is the empty graph. An example of a Down graph is the
following:
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\l/ iLe. Z\I/M

where 5 > i3 > 14 > i7.

Note that because of the last two types of excluded graph, we needn’t have
explicitly restricted ourselves to trees, as these exclusions prevent the formation
of (ordered or unordered) loops in the graph (recall also that Down graphs
are built only with directed edges with decreasing indices). Thus we have an
exclusion rule, of degree 2 in the number of edges, which effectively eliminates
loops. In particular the obstacle to proving Koszulness due to the presence of
non-quadratic Grobner basis elements no longer arises.

We now define a Down forest on an index set I partitioned as I = SiU---LUS,
to be the union of the Down trees on the subsets S;.

Remark 8. The monomials corresponding to Down forests induced by unordered
partitions of [n] = {1,2,...,n} (using the correspondence explained in subsec-
tion 3.3.1) form, a basis for the algebra pfb’, (as a skew-commutative algebra *3).
Indeed, it is easy to see that Down forests are in bijective correspondence with the
‘reduced monomials with disjoint supports’ which were proved in [BarEnEtRa,
Proposition 4.2, to form a basis of pfbii = Ultey)' (with the minor difference
that the edges in [BarEnEtRa] had increasing indices). Also, the above excluded
subgraphs correspond to the excluded monomials implied by the Grobner basis
given in [BarEnEtRaj, Corollary 4.3, for U(te,)" (subject to always writing gen-
erators with increasing indices, using the relation rv; ; = —r;;). The fact that
these Grobner basis elements are quadratic allowed [BarEnEtRa] to conclude
that pfb!n s Koszul.

3.7.2 Up Graphs and pb!n

An Up tree on the index set I = {i1,...,%m} C N (with i; < --+ < i,,) consists
of all trees built with directed edges with increasing indices by

e allowing the following two subgraphs:

VAR

e excluding the following two subgraphs:

ANl

13See [Mikha] for more on such bases.
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where, again, in all cases the relative heights of the endpoints indicate relative
ordering of the indices. Furthermore, the graphs are again non-planar in that all
orderings of the edges incident to a particular vertex are considered equivalent;
also, we again declare by way of convention that a Up tree on an index set with
one element is the empty graph. An example of a Up tree is the following;:

i7

ie. 7

where i1 < -+ < i7.

As with Down graphs we needn’t have explicitly restricted ourselves to trees,
since one effect of the excluded subgraphs is to prevent the formation of (ordered
or unordered) loops in the graph. Again, the obstacle to proving Koszulness due
to the presence of non-quadratic Grobner basis elements has been avoided.

We now define an Up forest as a union of Up trees (with disjoint index sets).

Proposition 4. The Up trees on a given index set I with m elements (in which
all indices belong to at least one edge) are in bijective correspondence with the
cyclic orderings of [m] = {1,...,m}, or equivalently the orderings of I starting
with the smallest index. This number is clearly (m — 1)!.

Proof. 1t is fairly easy to see that Up trees are what is called ‘recursive’ - i.e.
non-planar rooted trees with vertices labeled by distinct numbers, where the
labels are strictly increasing as move in the direction of the arrows. It is a
classical result that there are (m — 1)! of these on an index set of size m. One
way to see it is to place the root at the bottom of the picture with the edges
pointing up, and order the children of each node by increasing size toward the
left (we can do this since the trees are non-planar, i.e. the children of each node
are unordered): see the sample Up tree above. Now thicken all the edges into
ribbons (which are kept flat to the plane with no twisting). Finally, starting at
the root go along the outside edge of the ribbon graph in a clockwise direction
writing down each index the first time it is reached. The result is an ordering
of the m indices starting with the smallest (in the case of the sample Up tree
above we get (i1, 14, ig, i5, i3, 12, i7), and there are clearly (m — 1)! of these. It is
easy to see that this procedure gives the required bijection. O

Corollary 2. The Up forests on an index set I are in bijective correspondence
with the unordered partitions of I into cyclically ordered subsets.

Remark 9. The monomials corresponding to Up forests induced by unordered
partitions of [n] = {1,2,...,n}) into cyclically ordered subsets form a basis
for the algebra pb!n. Indeed, it is easy to see that Up forests are in bijective
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correspondence with the basis elements for pb', given in [Yuz], see also [Arnold]
and [ShelYuz]. Also, the above excluded subgraphs correspond to the excluded
monomials implied by the Grobner basis given in [Yuz]. The fact that these
Grébner basis elements are quadratic allowed [ShelYuz] to conclude that pb!n 18
Koszul.

3.7.3 Up-Down Graphs and pt)b!n

To define Up-Down graphs we first need the concept of an ordered 2-step par-
tition (essentially due to [BarEnEtRa]'*). Namely given n € N and [n] :=
{1,2,...,n}, first take an unordered partition of [n] as [n] = S1U---U.S; where
the sets S; are cyclically ordered (and let m; denote the minimal element of
S;i). Second, take an unordered partition of the set M :={m; :i=1,... 1} of
minimal elements into distinct unordered subsets, M = Mj U --- LI M.

Now suppose given such an ordered 2-step partition of [n]. First we form
the Down forest on the index set M with the given partition. Next we form
the Up tree on each of the (cyclically ordered) sets S;. The resulting graph is
called an Up-Down forest on the index set [n]. An Up-Down forest is uniquely
determined by a particular ordered 2-step partition, and conversely.

Theorem 4. The monomials corresponding to Up-Down graphs on ordered 2-
step partitions of [n] = {1,...,n} form a basis of pt)b!n.

Remark 10. [t is not hard to see that the Up-Down graphs on [n] consist exactly
of the red-black graphs corresponding to the monomials referred to in Proposition
4.5 of [BarEnEtRa].*> These monomials are shown in that proposition to form
a basis of a certain algebra QAY related to pt)b!n: namely, after making a certain
change of basis to pnb; = U(qtr)', [BarEnEtRa] show that a certain filtration
is defined on pnbln. Then QA is the quadratic approximation to the associated
graded of pbb!n with respect to that filtration. The given basis for QA2 is then
used to find the Hilbert series and to prove the Koszulness of QAY, which in
turn lead to the Hilbert series and Koszulness of pt)bln. It is interesting that the
same collection of (Up-Down) graphs can be used to index a basis of pnb!n itself
and show directly that it is Koszul, as we shall see next.

Proposition 5. The algebra pnb!n has a basis consisting of all monomials whose
graph does not contain any of the following as subgraphs (again the relative
heights of the endpoints indicate relative ordering of the indices, and the graphs
are non-planar, so that the all edges (incoming or outgoing) incident to a par-
ticular vertex may be represented in any order without changing the graph):

A

14See the proof of Corollary 4.6, (iii). Our ordered 2-step partitions differ from their ‘2-step
partitions’ in that our underlying sets S; are cyclically ordered and theirs are unordered.

15The Down and Up graphs correspond respectively to red and black graphs in the ter-
minology used in the definition of 2-step partition immediately prior to Proposition 4.5 of
[BarEnEtRa].
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A

Note that the first row consists exactly of the excluded subgraphs for Up
graphs. Thus if, in a graph corresponding to a basis monomial for pnb ,
look only at the subgraph of upward arrows, we see that this subgraph must be
an Up graph (and all Up graphs may arise).

The second row of excluded subgraphs features ‘mixed’ subgraphs, in that
they each involve both an up arrow and a down arrow. It is clear that the
non-excluded (= permitted) mixed subgraphs must be the following:

Vo

As is readily seen, the effect of these excluded and non-excluded mixed sub-
graphs is to ensure that different Up trees (which use only up arrows) which
are connected to each other by down arrows are in fact only connected to each
other by down arrows between their minimal elements.

Finally, the last row of excluded subgraphs involve only downward pointing
arrows, and consist precisely of the excluded subgraphs for Down graphs. Thus
a graph which excludes all the subgraphs listed in the proposition will be an
Up-Down graph, and conversely. Thus Theorem 4 follows from Proposition 5.

Proof of the Proposition. To begin with we linearly order the generators {r;; :
1 <i#j<n}of pnb!n using the numerical order of the indices, ie. 7r;; >
rre < (i > k)or (i = kand 5 > 1). Then, given a wedge product of
generators, we first order the generators in the product in increasing order, and
then we linearly order such monomials first by length and then lexicographically
(we also agree that 0 has length 0, so that 0 < u for all non-zero «). This ordering
(which we refer to as the lexicographical ordering) is multiplicative in the sense
that if u, v, w are wedge products such that u > v and uw # 0 then uw > vw.

We define a set S of ‘illegal’ degree 2 monomials, consisting of those degree
2 monomials which can be expressed as linear combinations of ‘smaller’ mono-
mials (with respect to the lexicographical ordering) using the defining relations
of po b!n. The set S(?) cannot be read off directly from the relations in the form
(16), (17) and (18) as some of these have the same maximal terms. However
one readily finds that those relations can be put in the following equivalent form
(where 1 <i< j<k<n):
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Tik NTjk = Tij NTjg — Tj N Tig

DO
=2}

Thi NTji = Tji NVik — Tji NTjk — Tji N Tk

Thi NTkj = Thi NTij — T NTik + 750 ATjk + 75 ATk

[\
oo

Tik N Tkj = Tij NTjk — Tij AT

DO
=}

Tjk/\rki:Tji/\Tik*Tji/\Tjk

A~ o~~~ o~~~
w \v}
(=) -~
= D D e D

Tij NThj = Tijg NTjk — Tij NTik — Thg N T45

as well as the relations (18). Each relation now has a distinct maximal term,
and these have been collected on the LHS above. Thus S consists of the union
of the sets:

{Tjk/\rik, Tki N Tjiy Thi N Tki 1<i<j<k Sn} (31)
{Tik/\Tkj7 Tjk/\rki, rij/\rkj,lgi<j<k§n} (32)
{rij Nrji, 15 Arij 1 1 <15 j <n} (33)

These monomials are readily seen to correspond with the excluded diagrams
of the Proposition. The Proposition will be proved if we can show that the set
S of monomials which do not contain any of the excluded 2-letter monomials
S(2) (even after re-ordering of the generators forming the monomial) comprise
a basis for pob’,.

The proof of this fact is in the following two steps:

e show that the set S generates pnb!n; and

e show that S has the same number of elements in each degree as the basis
for pob!, given in Theorem 3 (which implies that the elements of S are
linearly independent, and hence form a basis).

The fact that S generates pnb; is easy, since if we have a monomial which
contains (possibly after reordering its factors) an excluded 2-letter monomial,
we can replace the monomial by a sum of terms in which the excluded 2-letter
monomial is replaced by a smaller, legal 2-letter monomial. It is clear that all of
these terms are strictly smaller than the original monomial with respect to the
lexicographical ordering, because of the multiplicative property of that ordering.
Hence, repeating if necessary, we must eventually reach a sum of terms none of
which contains an excluded 2-letter submonomial, even after reordering of its
factors - i.e. a sum of terms belonging to S.

The fact that S has the same number of elements in each degree as the basis
for pnb’n given in Theorem 3 is also straightforward. Let us consider again the
procedure described above for creating Up-Down graphs:

e First, take an unordered partition of [n] into some number [ < n of cycli-
cally ordered subsets (and form the unique Up graphs determined by the
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cyclically ordered subsets) - the number of ways of doing this is s(n,l),
where s(—, —) denotes (unsigned) Stirling numbers of the first kind. It is
easy to see that the resulting Up forests have (n — [) arrows, so that the
resulting monomials have degree (n —1). We let m; denote the minimal
element of cycle C; for i —1,...,1.

e Second, take an unordered partition of M :={m; :i=1,...,l} as M =
My U -+ L My, where the M; are unordered, and form the unique Down
graph determined by this partition of M. The number of ways of doing
this is S(I, k), where S(—, —) denotes (unsigned) Stirling numbers of the
second kind. It is easy to see that the resulting Down forests have (I — k)
arrows, so that the resulting monomials have degree (I — k).

It is clear that the resulting Up-Down graph will have (n—k) = (n—10)+(I—k)
arrows, and hence will correspond to a degree (n — k) monomial.
Thus if S*~* denotes the monomials in S of degree (n — k) we find:

dim §"7F = "s(n,1)S(l, k) = L(n, k) = dim A"~
1=k
For the last equality we used Corollary 1, and for the second-last equality
we used the so-called Lah-Stirling identity:

L=sS

where L, s and S are infinite-dimensional lower-triangular matrices whose (n, k)-
th entries are, respectively, L(n, k) (Lah numbers of Corollary 1), s(n, k) and
S(n, k). See [Riordan].

This completes the proof. O

Corollary 3. The algebra pnbil (and hence also pob,, ) is Koszul.

Proof. The fact that the monomials S not containing any of the 2-letter mono-
mials S form a basis for pvb!, means that the equations (25)-(30) and (18)
(whose leading terms are the S()) constitute a Grobner basis for pob’, (as a
skew-commutative algebra - see [Mikhal). This Grobner basis is quadratic, and
hence by a result of [Yuz] 16, pub!, is Koszul. O

Remark 11. pt)b!n as a ‘Product’ of the families pfbil and pb!n

Given the correspondence between Down forests and pfb!n, and between Up
forests and pbil, identified in Remarks 8 and 9, Theorem 4 suggests that the
family of all pnb; (parametrized by n) may be some kind of ‘product’ of the
families of the pfb!n and pb!n. Indeed, one could express the Lah-Stirling identity
above in the form:

dim pobl! ™ = Lin, k) = 3" s(n,)S(L, k) = 3 dim ppi =" dim pfe] "
l l

16T heorem 6.16.
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As pointed out in [BarEnEtRa], pb,, may be viewed as a quotient of pvb,,
by pfb,,. However, this does not explain why one might be able to view pnb!n as
the kind of product of the families pb!n and pfb!n suggested by the Lah-Stirling
identity.

3.8 Iterative Structure of pvb,,

In this subsection we will establish the following result:

Theorem 5. For all n > 3, pvb,, is a free pvb,_; module with respect to the
module structure induced by the inclusion pvb,,_; — pob,,.

This result in fact follows from the existence of the quadratic Grobner basis
for pub!, exhibited in Corollary 3, with little extra work other than to invoke a
number of known results from the theory of Koszul algebras.

We first need to recall the definition of Koszul module (which we repeat from
[Pol]'7). A graded module M over a Koszul algebra A is called Koszul if it has
a linear free resolution as an A-module, that is a resolution:

= AV 2 AV - AV - M =0 (34)

where each V; is a vector space concentrated in degree i. Note that an algebra
A is Koszul iff Q (with the A-module structure induced by the augmentation
map A — Q) has a linear free resolution.

We will use the following proposition, which is also taken from [Pol]8:

Proposition 6. Let f: A — B be a homomorphism of Koszul algebras. Then
B is a Koszul A-module iff A' is a free B'-module with respect to the module
structure induced by the (quadratic) dual homomorphism f': B' — A'.

Proof of Theorem 5. We set A = pnb!n and B = pnbil_l and take the map f to
be the natural projection II : pub!n —» publnfl which sends r;,, and r,; to 0,
and r; ; to itself, for all 4, j < n.

The map II is induced from a similarly defined map on the tensor algebra
with the same generators, which descends to a quotient map pob), — pob! |
(because the relations never mix monomials with and without the index n). The
(quadratic) dual map is induced by the (linear) dual map on dual generators,
which also descends to a quotient map pvb,,_; — pob,, (for the same reason).
Hence the quadratic dual map is just the inclusion pvb,_; < pob,, (i.e. killing
dual generators which contain the index n is dual to including the generators of
pvb,,_; into pob,, on the first (n — 1) indices).

Now the result follows from the fact that the projection II makes pnb!n_1 a
Koszul pnbiz—module, which we prove in the next Proposition. O

17See Definition 2(M) page 19 and the comments following it, and the ‘Definition’ which
appears on page 9.
18See Corollary 2.5.9, page 35.
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Proposition 7. The map II : pub!n — pnb!nfl makes pnb!nfl a Koszul pub!n—
module.
Proof. The idea of the proof is to reduce the problem, by way of a spectral se-
quence, to the statement that gr(pvb!, ;) is a Koszul gr(pob.,) module (where
gr is determined with respect to a suitable filtration), and then prove this state-
ment.

The existence of the linear free resolution (34) for A = pob', and M = pob

!
n—1

is equivalent to the statement that Torf]pb;" (Q,pob, ) = 0 for i # j. We

compute this Tor by applying the functor — ®,, pob!,hl to the bar resolution

for pnb!n, and thus obtain a complex whose homological degree-i term is:'®

e (OB g bl

which is to say
S (pobl )@ @ pobl, | — ...

The total order on (anti-symmetric) monomials introduced in the previous
section induces a filtration on the above complex, and this will allow us to com-
pute the Tor by using a spectral sequence. To explain this induced filtration, we
need to re-phrase the total order on anti-symmetric monomials in an equivalent
way, which extends more reasonably to the bar complex - more specifically, it
extends in such a way that the associated graded of the bar complex is the bar
complex of gr(pvb!, ;) as a gr(pob’,) module.

Recall that, given a total order on variables 1 < --- < xx, we get a total
order on commutative monomials by positing that, for z* = z{*...z% and
b = xljl...xl]’(,v, we have ¢ < 2 iff there is a k, 1 < k < N, such that
a1 =bi,..., ax_1 = bp_1 but ar < bi. Then we recover the total order on anti-
symmetric monomials given in the previous section by (a) ordering monomials by
increasing length (with rational numbers including 0 considered to have length
0), and (b) given two non-zero wedge products of generators u and v, u <
v whenever the same is true for the corresponding commutative products of
generators.

We get a filtration F on skew-symmetric monomials by defining, for each
wedge product u, F, := Q{wedge products v s.t. v < u}. This filtration in-
duces a filtration (also denoted F) on the bar complex by setting, for each
commutative product u:

!

Fu((pob,) ' @pob), 1) = > Fy,(pobl)@- - @F,, (pobl,)®F,,,, (pob, ;)

V1. 041 SU

where the sum is over wedge products v; such that the commutative product
over the underlying generators is < u.

One readily checks that the complex respects the filtration, i.e. dF, C
Fu. Indeed, for any tensor product z, dz is just a sum of terms obtained

19All tensors are over Q, except where specifically indicated otherwise, as in Qpop! -
n
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by multiplying neighbouring tensor components, and whenever these terms are
non-zero they have the same underlying commutative products as z. If any
of the resulting tensor components is an excluded monomial (in the sense of
Proposition 5), it can be replaced by a sum of terms that are ‘smaller’ with
respect to the total order on anti-symmetric monomials.

One might be tempted to simply obtain a filtration on the bar complex by
taking the above sum to be over wedge products v; such that their wedge product
(rather than their commutative product) is < u. The difficulty one runs into
may be illustrated as follows. Recall the relation r;; Arj—7i; ATjr+75: AT = 0,
where we suppose i < j < k, so that the left-most term r;;, A 7 is maximal. If
we tensor with r;y, the left most term becomes 71, A 755 ® 731, With total wedge
product 0 (and similarly with the third term). After passing to the associated
graded bar complex, we would get a relation r;; A rj5 ® 7 = 0 (from the
middle term). However, neither r;; A ), nor r, is zero in gr(pobl,). Hence
the associated graded of the bar complex would not be the bar complex of
gr(pob), ) as a gr(pvb',) module.

However it is not hard to check that, with the induced filtration as de-
scribed, the associated graded of the bar complex is in fact the bar complex
of gr(pvb!, ) as a gr(pobl,) module. Indeed, relations in the filtered complex
are just tensor multiples of the relations in pnb!n (or pub;fl). Moreover, the
ordering of commutative monomials is strictly multiplicative, i.e. if u < v then
uw < vw for all non-zero monomials u, v, w. Hence taking tensor multiples of
the relations preserves the maximal terms in those relations. As a result, af-
ter passing to the associated graded complex, we just get the bar complex of
gr(pnbikl) as a gr(pnb!n) module (or equivalently the bar complex computing

Torf]***)(@, gr(pobl, ).
We therefore get a spectral sequence:

Ey = Tord]®**)(Q, gr(pob,_,)) = Tor’" (Q, pob), _,)

Thus the result will follow if we can prove that Torfj-r(pnb;l) (Q, gr(pob!, ) =
0 for ¢ # 7, which is the content of the following lemma. O

!
n—1

Lemma 5. gr(pvb
0 fori#j.

Proof. Essentially by construction, the map II : pt)b!n — pnbln_l constructed

ij

above has kernel the ideal K, in pbb!n generated by the elements r; ,, and ry, ;.
It is clear that II respects the filtration, and that the associated graded map,
grIl : gr(pob.,) — gr(pobl, ) has kernel the ideal k, in gr(pvb)) generated by
the same elements.

Here is where we use the fact that we have a quadratic Grobner basis for
pnb!n. The existence of this basis implies that gr(pnb!n) is a quotient of an
exterior algebra by (relations generated by) quadratic relations. But then, since
the filtration we use to determine the associated graded is induced from a total

39

) is a Koszul gr(pob!,)-module, i.e. Torgr(mb'!")(Q,gr(pnb!n_l)) =



ordering of the monomials in pub!n, it follows that gr(publn) is a quotient of an
exterior algebra by monomial quadratic relations.

Finally, the following Theorem from [Pol|2° implies that gr(pob’, ;) = gr(pvb})/k,
is a Koszul gr(pob!,)-module. O

Theorem 6. Let SP be a skew-polynomial algebra, i.e. a quadratic algebra with
generators x1,...,xyN and relations

TiTj = qijTiTq, 1< ]

where the q;; are non-zero constants. If A is a quotient algebra of SP by mono-
mial quadratic relations, and I is an ideal of A generated by some subset of the

{z;}, then A/I is a Koszul A-module.

4 Final Remarks

4.1 Other Groups

One could seek to apply the PVH Criterion to determine whether other groups
are quadratic. One group that comes to mind is the pure cactus group T,
as developed for instance in [EHKR]. As a prerequisite, one would need to
have a presentation for the pure cactus group, and to show that the quadratic
approximation to the associated graded of QI' with respect to the filtration by
powers of the augmentation ideal (i.e. the universal enveloping algebra of the
holonomy Lie algebra of T') is Koszul (at least up to homological degree 2).

4.2 Generalizing the PVH Criterion

As mentioned in the Introduction, the PVH Criterion arguably lives naturally
in a broader context than we have explored here, such as perhaps augmented
algebras over an operad (or the related ‘circuit algebras’ of [BN-WKO]).

In a different direction, one could try to generalize the criterion to deal with
filtrations of an algebra by powers of an ideal other than an augmentation ideal.
A particular case of this deals with groups that exhibit a ‘fibering’. For instance
the virtual braid group vB,, fits into an exact sequence:

1— PuB, > vB, > S, —>1

where S, is the symmetric group. (Similar sequences exist for the braid group
and the cactus group.) In such cases it is more interesting to consider the ideal
corresponding to the kernel of the induced homomorphism QuB,, — Q.S,,, rather
than the augmentation ideal of QuB,,. The extension of the PVH Criterion to
cover these particular ideals should not be too difficult, but dealing with more
general ideals could be interesting.

20Gee Theorem 4.8.1 page 92, and its proof. The theorem generalizes the result of [Frobergl].
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